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O, ABSTRACT

th probabilaty point of ith smallest

It p(=,i,N) ienotes the
order statistic in r-n.or samples of size N drawn from the Beta distribu-
tion, pl(e,1,H) is computed accurate to eight decimal places for N = 1(1)3C(5)60,
1= 1(1) 1+LN/2] and & = (.01, C.025, 0.1C, 6.25, 0.50, C.75, UMV, U975, .55,
Also, the 25th, 5Cth and 75th percentile points of the Beta distiibution for
N =65(5)100, 1= 1(2) 1+[N/2]) are computed with the same accurscy. Using
the above values the percentile points of the normal, chi (1 d.f.) and Weibull

order statistice in samples of sizes up tc ang including 30 are compubed ac-

curate to 4 or 5 uecimal places. Applications of these tables are indicated.

1. INTRODUCTION

Fearson [9] has provided extensive tables of the incomplete Beta dis-

tribution. It was realized that certain percentuge peints of the incorplete

*This research was supported in part by the United States Air Force
through the Air Force Office of Scientific Research and Development Commard,
under Resesrch Grant AFOSR 62-72, Reproduction in vhole or in nart is per-
nitted for any purpose of tne Unitel States Govermrent. This was also
supported in part by the Case Hesearch Fund.,
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Beta distribution wasre more uceful than the complete distravuticn of the an-
conplete Beta, Thonpson [1C] tabulated the percentage points of the incon-

plete Beta distribution accurate to five significant figures for vy = 1(1)10,

ot

-

R, 15, 20, 24, 30, 40, 40, 12(; vy = 1(1)3C, 40, 60, 120, =; « = 0.005,

0.01, 0.025, 0.05, 0,10, 0.25, 0.50 where vy and v, denote the parameters

of the Beta distribution and <« denotes the percentage., Comrie and Hartley 1L2]
2.+ methods of interpolation in the tables of Thompson [10]). Cochran [1] gave
an approximate formula ior the percentage points of the incomplete Beta distri-
bution, for large values of its parameters. Eisennart et al [3] tabulated ac-
curate to five significant figures, the percentile points of the median in
samples from the wniform distribution of sizez N = 3(2)15(10)95 ana for

« = ¢,002, 0.005, 0.01, 0.025, 0.05, 0.10, 0.20, C.25., Applying inverse inter-
polation in Pearson's [97 tahles, Gupta | 5] tabulated the percentile noints of
the order statistics in samples drawn from the gamma population with even degrees
of freedom. Leone et al [&) tabulated the percentile points of the binomial dis-
tribution for sample sizes N = 10(5)1C0 and & = 0.0025, 0.005, 0.01l, 0.025, Q.u5,
0.1, 0.9, €.95, 0.975, 1299, 0,995, 0.9975. Using Thozpson's {1C) and other
values, Efsenhert [4]) tabulated accurate to five significant figures the probab-
1lity points of order statistics in random samples of size N fror g uniform
cistribution, for N = 1(1)10 and for <« = €,001, 0.005, 0.0}, 0.025, 0.05, 0,10,
0.20, 0.25, .50,

Sone rank order test statistics for instance, Terry's cj-test statistic
and Fraser's [ 5] test for symmetry, are linear surs of expected values of order
statistics in samples from standard normel and standaru positive normal popu-
lations respectively. 1In the place of the expecied values of order statistics,
one could use the percentile poinis ¢f the order statistics., Hence,it is of
interest to prepare tables of the percentage points of order statisticec in

saples fror a wuiform distribution. The percentage points of order statistics
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in samples drawn [rom any continuous population can be obtained by taking the
inverse of the percentage points of the uniform order statistics, with respect

to the cumulative distribution function of the underlying continwous population.

2. HNOTATION

Let Xl,N < XZ,H SSETRIRN xN,H be the order statisticc in random

samplec of size N drawn from a continuous population having F(x) for its
curulative distribution function (¢.d.f.). Let p(X,i,§) cenote the oth

percentage point of xi,N. Then p(X,i,N) is given by the relation

AR, T Ry o 020)

-t

Yo, (2,2)

HE N \ ()F o d, ) [1F ol e,
Thus, one can find p(,i,N) by solving Equation (2.2) for F(p{e,i,N)) and
then taking its inverse with respect to F. A similar approach was made by
Leone et al (€] for computing the percentiles of the binomial distribution.
Unless otherwise stated, p denotes p(%,i,N). Throughout O denotes the

standaré norral c.d.f, given by

~ i
b8 AP
1 n e “t/p .
¢ ‘z:) \2'"/ % {. (=1 / d"/. 2.3/
o

-cc

3. METHODS OF COMPUTATION

The perceatage points of the uniforn order statistics were computes
by Newton-Raphson iteration using the following polynomial representation for

tire relation when N and 1 are integral:




) (;):fo(,i,I.;il-rr'(c(,i,li)}::': « .
471

The derivative of the left hand side expression of the above equation
is evaluated fror its integral representation given in (2.1). Double pre-
cicion arithmetic was used uhen necessary to obtain eight decimal accuracy,
the. is, iteration was continued uatil the absolute differencc btetween two
iterations was less than 10°%2, Since the percentage points of the uniform
order statistics are rcols of certain polynomials which constitute upper tails
of the binomial distribution, our values given in Table 1 are related to the
percentile points of the binomial distribution given by Leone et al [8). The
values of Leone et al [8] agree with our value to at least seven decimal places.
In Tavle 1, U peicentags poinds of th

for N = 1(2)30(5)60, i = 1(1) 1+[K/2) and « = 0.01, 0.025, 0,10, 0.25,

tictice are precented

C.5C, 0.75, 0.90, 0.975, C.¢9. The values for i > 1+4[N/2) are obtained by
using the relation

Bl_p (N+1-4, 1) = ) - Bp(i,N-i+1). (.1)
The percentege points of order statisties in random samples froem any continuous
population can be obtained by teking the inverse of the percentage points of

the uniform order statistics with respect to the c¢.d.f. of the population.

Thus, the percentage points of the norral order statistics are given by
x(p,1,0) =071 (p(e,4,1)) (3.2)

Also, the c.d.f, of the positive normal (chi 1 &.f.) distribution is related

to the normel c.d.f. by

x(x) = ¥) - 1, %> C.
(:.3)

= C othervise,
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The percentage pvinis of the chi-order statistics are given by
¥(pyi W) =07 ((14p)/2). (3.4)

Hasting's [7] approximation to ¥ was used. This approximation is given by

"Xz /~ ‘)» k
Gl L= T e 1t %20
K1
-} -1

v e 1 = (1+27 xp)
b = .32759110
8 7 0.127LU.79
ap = ~0.14224838
ay = 0.71C70690
a8 = -0. 72657604,
a5 = 0.53070273,

when x ~ 0, the approximation is obtained by considering 1 - ®(-x). After
using this aporoximation for ¢, Newton-Raphson iteration was used to solve
for x(p,i,N). The percentage points of normal order statistics accurate to
four decimal placec are given in Table 2 for N = 1(1)30, i = 1(1) 1+[N/2].
The other values can be obtained by symmetry. The percentage points of the
chi-order statistics accurate to four decimal places are presented in Table 3
for N =1(1)30, i= 1(1)N, The percentage points of the Weibull order

statistics are given by
x(pyi ) = (-4n e (3.5)

where ¢ denotes the shape parameter of the Weibull distribution, the c¢.c.f.
of which is given by 1-exp(-x°) The percentage points of the Weibull order

statistics accurate to five decimal places are vresented in Table 4 for
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N=1(1)30, i~ YR, ¢ =2.0, 2,5 and 5.0.
Certuin minor errors have been uncovered in the tables of Thompson [10].

These are presented in Table 3.1.

Table 3.1
X i i Ours Thompson's
0,01 13 27 0.25722525 0.25722
c.0l 1 3¢ 0.0C033495 0.€0033496
0.025 4 15 0.077187154 0.077871
0.C5 4 23 (.06167552 0.061675

All the computations were done on Burroughs 220, The computations of the tables

. UK . \ [ Y ] ~ V4w ddain
pxescuucu HEl < LUU QLVULV VLI by VWIS Vi haLlilile Vidi.

4. AFPLICATIONS

4.1 The percentile points of the uniform order statistics can be used to
find the percentile points of the Fisher's F distribution., If F de~-
«,2m,2n

notes the «th percentage points on the F diétribution with 2m,2n degrees

of freedom, then
Rx,Zm,2n = n p(X,r,mtn-1) /m{1-p(L,m,m+n-1) ] (4.1)

where p(¥,m,n=1) is the M percentage point of the mth smallest order
statistic in random samples of size m*n-l drawn from the wniform population
on (0.1), Obviously, Table 1 is useful in life-testing problems as indicated
by Leone et al [8] and in approximating the percentage points of the hyper-

georetric distribution as suggested by Thorpson [10].
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An applicalion of the percentile points of the chi-order statistics is
as foliows: conzider a random variable X having the density function given

b
Y (et b0, i

n

£(.,6)

= 0 othervise,

1~ xl,N < x2,N S eer S XN,N be the order statistics in a random sample of
size N drawn from this population. We wish to test the hyrothesis; =0
against the hypothesis: & > O. xl’N can L7 o ressonable test statistic. The
percentile points of the smallest chi-order statistic can be used to obtain the

critical values of xl’n,

Similarly, let Xl,N S Xz’“ S ees S XN,N be the order statistics in a

rarder. sample of size N drawn from a Weibull population navaing tue foilowing

density function,

c(x-8)°"1 e_(x-e)c )

£(x,8) % >8

= c otherwise,

vwhere ¢ is assumed to be known exactly., Then, & rcaconable test statistic

for testing the hypothesis: =0 against the hypothesis: & > C, could be

4o In order to carry out the test procedure, the percentile points of the
?

smallest Weibull order statistic are required.

5. CONCLUSION

Our tabl.s are rore extensive and more accurate then tables avuiluble
at present. No attempts were nade to propose interpolation and extrapoletion
rethods. The harmonie interpolation methoz progosed by Comrie and Hartley [ 2]
ic also applicable here but it involves use of special tablec. Linear inter-

polation for a fixed percentage ascens to give 3 1uv 4 decimal accuracy for I 215,
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